Basics—4

Rotational Spectroscopy
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ical Mechanics of Rotations
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Center—of—-mass (COM) fixed

Principal rotational
moment of inertia:

r=X1+Yy,
L >m(y:+z)) -YXmxy. —>M X 7
L |=| -Xmxy, YIm/(XX+z) -Xmzy,
L=1T.®
| 0 0
Diagonalization: 1T'=X"s1.X=[0 1 0 |,
O 0 |

Principal rotational axes:r' =X eF



* Principal rotational constants:

Azh ,Bzh ,Czh - A>B>C
21, 21, 21
* Rotational energy:
1 ., - - 1 , 1 , 1 . L L
E =—&' 1-o="1 o'+l +- | 0 =2+ 4+
o2 2 2 2 21, 21, 21

* Rotational tops:

Linear tops: | =0,1_ =1_—>B=C
Spherical tops: I, =1,=1. > A=B=C
Symmetric tops — prolate: I, <l =1.>A>B=C
oblate: I, =1 <I.->A=B>C
Asymmetric tops: I, <1, <l —>A>B>C
near—prolate: A>B=C
near—oblate: A=B>C



Diatomic and Linear Molecules

* Energies and eigenfunctions
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* Selection rules

[ransition dipole moment M =<J'M_ |u|IM, >
1 iM 3¢
[ IM,; >=Y,,.(0.4)=0,,, (H)Ee :

1=, (sin@cosg X +sinfsing y+cosf z)

M=t (%[[®,,,e™*sindcosg ©,,e ™ sindcosgddg + §...+12...)

J2x

M #=0—> Z-component: AJ =11, AM, =0
y—component: AJ =+1, AM, =+1 » AJ=x1, AM,=0, £1
X —component : AJ =£1, AM, =+1
and u, #0

* Degeneracy: (2J+1)
* Population of rotational states: determine relative intensities

—Ej /KT 1/2
o _ (23 +1) S =(ij 1, dp
2hB

, -«
T2 +1)e R ™ 2 dJ




* Centrifugal distortion: due to non-rigidity of molecules

Centrifugal force
v J?

ﬁ = -y =

i rur’

< balanced by restoring force F, =k(r,—r,)

After some mathematics,
E, = BNJ+T)— D[JI+T)F + HIIJ+1)]? +...

D, H: centrifugal distortion constant
D= 4B 2/w 2 (Kratzer relationship)

E, = [B=DJNJ+1)]NJ+1)]= BJ(J+1)

Vibrational and electronic state dependence of B, D:
B,=B -, (V+1/2)+y (v+1/2)" +...
D =D, +8(v+1/2)+..

overall, (E,), =B J(J +1)-D,[J(J + T +...



* \ibrational angular momentum

“occur when two degenerate bending modes are excited”

o— —é

In polar coordinate (p, ¢)
v, (p.8)=R,(p)e"
<« | : vibrational AM quantum number
|=+v,£(v-2),..00r £1
Energy levels split according to |1 |=0(X), 1(IT), 2(A),...
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Total angular momentum: J = R(rot) + I(vib)
Quantum number: 1=15J=12;1=2->J=23..



Symmetric Top Molecules

* Hamiltonian of 3—D rotations:

o 3 J
- +

E = + , =32 +34]
21, 21, 21
2 2
(prolate) = S, - . (J2+J32) = ) +( 1 )J:
21, 21, 21, 21, 21,
2 2
(oblate) = = (37 4+37)+ e = 4t _ L1y
21, 21, 21, “21. 21,
. 2 1 1 .-
Hprolate :2| +(2| _2| )J:
B A B
. J? 1 1 .-,
Hoblate — +( o )Jc
21, 21, 21,



* Molecule—fixed coordinate versus space—fixed coordinate:
MFC(X,YV,z; JX,Jy,JZ) < SFC(X,Y,Z;J,.,3,.,d,)
by Euler angles (6, @, k), direction cosines (a;, B; ;)

T CH,Cl

T
<

X
(6, ¢) angles define the orientation of molecular z—axis (B, C)

and k angle define the internal orientation of x—y axes (A)

Commutation relationship:
[J,.d,1=-1nd,, [J,,3,]1=-1Ad ,[J,,d ]=—1RJ,

[‘]x’ Y] ihjZ’ [jv’jz]:ihjx’[jZ’jx]:iij



* Eigenfunctions and AM operators:

H commute with J2, J , J,
Hypergeometlric
— Quantum numbers J, K, M /func,,-on

- ; 2J+1 v J iMg A iK
— Eigenfunction | JKM > = = d,. (8)e™ e"”
T

but not necessary to list exact forms!

H|JKM >=E|JKM >, J?|JKM >=J(J +1)A*|IKM >
J, | IKM >= MA|IKM >, J |IKM >= K7 |IKM >

J*=J +1J; (lowering op. in MFC),

J°=J, —1J,; (raising op.in MFC)

J* | IKM >=[J(J +1)— K(K =DJ]?|IK —1M >
|

J
J7|IKM >=[J(J +1)- K(K +D]"? | IK +1M >



* Energies and transitions:

21 21, 21

For prolate tops Hy = [J +( L4 jjj}|JK|\/|>
= BJ(J+1)+(A-B)K®

JK

j 12
For oblate tops = {2 ( sz}UKM >
E, = BJJ+1)+(C-B)K’
Degeneracy: 2(2J+1) — K=-J —-(J-1),...0...(J-1) J

Selection rules: AJ =11, AM=0,t1, AK=0
-. AE =2BJ(J +1)

LK ,K
Centrifugal distortions (D, Dy, D ):
E,=BJ(J+1)-D,[JJ +1)}+(A-B)K’-D,K?-D,J(J +1)K>
S AE,, ., =2BJ(J+1)-4D,(J +1)’-2D, (J +1)K?
"K —dependent "'



Energy levels

Allowed transitions
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Asymmetric Top Molecules

* Hamiltonian operator
32 ) 22
Hrot = Ja T Jb + JC :
21, 21, 2l
7 H Aj2+BJ2+CJ2

rot a

_ (A+ Bjjz+(c_ A+ Bjjzer(A— B)((j+)z+(j_)z)
‘ (oblate limit)

=(B+c)j2+(A_ B+ij22+(B—C)((j+)z+(j-)z)
2 2 4 ..
(prolate limit)

“Due to (J*)?, (U7)2in H,, K is not good quantum number.

But we use symmelric top basis set (|JKM>) to describe

asymmelric top problem. Also, we use prolate and oblate
limiting cases to label asymmetlric top states”



* Matrix methods: Energies

<JKM | J?
<JK +2M
<JK —2M

IKM >=J(J +1)i?, < IKM | 2| IKM >= K272

(J7)? | IKM >= /I (I +1) - K(K +1) I +1)— (K +1)(K +2) #?

.. others all zero — real symmetric matrix

(J7)?|IKM >= /I (I +1)- K(K 1) I +1)— (K -1)(K - 2) #*

""Diagonalization gives eigenvalues' — " Solve secular equation™

e.g. \J=1 |1’1>
<1,1] C+A+B
2
<1,0] 0
<1,-11| A=B
\ 2

secular equation:

11,0>
0

11,-1>
A-B )

A-B

A+ B
_|_

<1,1]
s <1,-1]

<1,0|

|1,0>
0

A+ B

[1,1> [1,-1>
A+B A-B
C+
2 2
A-B C+A+B
2 2
0 0
=0 . A=C+A C+B

A=A+B

\




* Labeling of energy levels
""J "> 0,,1,,1,,1,, 2,

Kprolate Koblate 007 7017 “"117 ="017

cf. "J "« =K —K

prolate oblate ~

—J,..+J

“ ... each J state has (2J+1) nondegenerate K states...”

Degeneracy: (2J+1) for each |JK>

2B—-A-C
Asymmetry parameter: « = — _— — x=-1(prolate), +1(oblate)
Correlation diagram:
J=2 I:i? —-—wz a8 L DRl
K:=0 ——32 K—— —I}J 2
2 x__ -,
J=1{Eu=; ___Shf“‘“‘-—-——a K.,=0
a 101& KC='|}J=]
J=0 K,=0 Oco Ke=0 J=0
Jkk.

prolate top oblate top



Energy levels and labels of asymmetric top

jKK. Jr F(']r)

0w 0y O

T g~ AHC
B+C

2 2, 2A +2B +2C +2[(B - C)* + (A — C)(A — B)]'?
Dot 2 4A+B +C
7. 26 A+4B+C
Fio 2., A+B+4C
25 2, 2A+2B+2C-2[(B-C)*+(A-C)(A-B)]"”

3 3, 5A+5B +2C +2[4(A - B)*+ (A - C)(B - C)]'?
3 3, SA+2B +5C +2[4(A—-C)*— (A - B)(B - C)]"?
354 3, 2A+5B +5C +2[4(B—C)*+ (A - B)(A - C)]"?
o 3, 4A + 4B +4C
3., SA+5B+2C-2[4A-B)*+(A-C)B-C)"?
313 3, S5A+2B+5C-2[4A-C)>—(A-B)B-C)"”
33 2A+5B+5C-2[4B-C)*+(A-B)A-0)]"




* Selection rules:

AJ=0,t1 AM =0, 1, AK=7

(i) a—type transitions (u,#0, y,= u.=0):
AK =0, (2, +4,..)
AK  =+1, (43, +5..)

prolate

oblate

(i) b—type transitions (u,#0, u,= u.=0):
AK . ==+1, (£3,..)
AK =41, (43,..)

oblate

(iii) c—type transitions (u.*0, y,= y,=0):

AK =31, (£3,.)
AK =0, (£2,...)

oblate

Ac-1ype

Tb#ype

[ Jorwe




* Structure determination

Diatomic molecules:

B, =B, —ae(v+1)+ye(v+1)2+...
2 2
BO:BE—;ae+jr7/e+... B, —r,
\ {1_“"'1
3 9
Bl=Be—2ae+47/e+... Bc,—n»l’0
B,—r,

=B, B, > B, —»>r

(more accurate than crystallography!!!)

Polyatomic molecules:

3N-6 A 1
A=A - ;ai (Vi+2)
3N-6 1
Bv = Be B Z aiB(Vi +7)
i—1 2
3N-6 1
Cv :Ce — Z aiC(Vi +2)

“So many a;’s to be determined”
— [solope exchange Is needed



